Lesson 11.1: Mathematical Patterns
Some patterns are much easier to determine than others. Here are some tips that can help with unfamiliar patterns:

· If the terms become progressively smaller, subtraction or division may be involved.

· If the terms become progressively larger, addition or multiplication may be involved.

Example:
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Match each sequence on the left with a statement on the right:

1.  9,15,21,27,…..




A. The next term in the sequence is -2.

2.  9,10.5,13.5,19.5,…..



B.  The 6th term is 39.

3.  3,2.5,1.5,0,…..




C. Each term is one half of the previous term.

4.  -4,4,12,20,…..




D.  Each term is two times the previous term.

5.  32,16,8,4,….




E. The 5th term is 31.5.

6.  2,4,8,16,….




F.  The 8th term is 52.

Using Formulas to Generate Mathematical Patterns:

· A sequence is an ordered list of numbers.

· Each number of a sequence is called a term (or element) of the sequence.

· A finite sequence contains a finite number of terms (numbers you can count).

· An infinite sequence contains an infinite number of terms (you cannot count them).

· The terms of a sequence are referred to in the subscripted form shown below, where the subscript refers to the location (position) of the term in the sequence.
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· The general form of a sequence is represented: a1,a2,a3,…..,an,…

· The domain of a sequence consists of the counting numbers 1,2,3,4,.. and the range consists of the terms of the sequence.

Recursive & Explicit Formulas:

Recursive Formulas
Recursion is the process of choosing a starting term and repeatedly applying the same process to each term to arrive at the following term.  Recursion requires that you know the value of the term immediately before the term you are trying to find.
A recursive formula always has two parts:
  1. The starting value for a1.
  2. The recursion equation for an as a function of an-1 (the term before it.) 


Example:

Recursive formula:
 
Examples:

1.  Write the first four terms of the sequence:  [image: image1.png]


  
2.  Consider the sequence  2, 5, 26, 677, ...
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Explicit Formulas
Sequences often possess a definite pattern that is used to arrive at the sequence's terms.

It is often possible to express such patterns as a formula.  In the sequence shown below, an example of an explicit formula may be:
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where ‘n’ stands for the term number (it represents the term's position in the sequence). So to find the 50th term we would just substitute 50 in the formula in place of ‘n’.
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Sometimes an explicit formula is called the expression of the ‘nth’ term, in other words a formula with ‘n’ in it which enables you to find any term of a sequence without having to go up from one term to the next.

3.  Write the first three terms of the sequence whose nth term is given by the explicit formula:
                                                       [image: image5.png]=2n-1





4.  Find the 5th and 10th terms of the sequence whose nth term is given by:    [image: image6.png]n
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5.  Consider the sequence  2, 4, 6, 8, 10, ...
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6.  Consider the sequence  3, 9, 27, 81, ...
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Lesson 11.2

If a sequence of values follows a pattern of adding a fixed amount from one term to the next, it is referred to as an arithmetic sequence.   The number added to each term is constant (always the same). 

The constant value that is being added or subtracted from one term to the next, is called the "common difference" or d. To find the common difference, subtract the first term from the second term.
Examples:

Looking at 1, 4, 7, 10, 13, 16, 19, ......., carefully helps us to make the following observation:
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As you can see, each term is found by adding 3, a common sum to the previous term.

Looking at 70, 62, 54, 46, 38, ...............carefully helps us to make the following observation:
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This time, to find each term, we subtract 8, a common difference from the previous term.

	Arithmetic Sequence
	Common Difference, d

	1, 4, 7, 10, 13, 16, ...
	d = 3
	add 3 to each term to arrive at the next term, or...the difference  a2 - a1 is 3.

	15, 10, 5, 0, -5, -10, ...
	d = -5
	add -5 to each term to arrive at the next term, or...the difference  a2 - a1 is -5.
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	add -1/2 to each term to arrive at the next term, or....the difference a2 - a1 is -1/2.


Formulas used with arithmetic sequences:
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Examples:

	Question
	Answer

	1.  Find the common difference for this arithmetic sequence
                          5, 9, 13, 17 ...
	

	2.  Find the 10th term of the sequence
                          3, 5, 7, 9, ...
	

	3.  Find the common difference for the arithmetic sequence whose formula is 
                         an = 6n + 3
	

	4.  Find the 30th term of the arithmetic sequence an = -5n -2 
	

	5.  Find a formula for the sequence 
                         1, 3, 5, 7, ...  
	

	6.  Find a formula for the sequence

                     14, 34, 54, 74, …
	

	7. Find the 25th term of the sequence
                       -7, -4, -1, 2, ...
	


An arithmetic mean is the term between any two terms of an arithmetic sequence.  It is simply the average (mean) of the given terms.


Arithmetic mean = 
[image: image11.wmf]2

numbers

 

two

 

of

 

sum


Example: Find the missing term of the arithmetic sequence 24, ____ , 57.

Review:

Is the given sequence arithmetic? If so, identify the common difference.
1. -9, 0, 9, 18,…


2. 0.1, 0.01, 0.001, 0.0001,…



3. Find the 25th term of the arithmetic sequence 26, 13, 0, -13,…

Find the missing term of each sequence.
4. 8, ___, 20,…

5. 
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Lesson 11.3

If a sequence of values follows a pattern of multiplying a fixed amount (not zero) times each term to arrive at the following term, it is referred to as a  geometric sequence.   The number multiplied each time is constant (always the same).

The fixed amount multiplied is called the common ratio, r, referring to the fact that the ratio (fraction) of the second term to the first term yields this common multiple.  To find the common ratio, divide the second term by the first term.
Looking at 2, 4, 8, 16, 32, 64, ......., carefully helps us to make the following observation:
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As you can see, each term is found by multiplying 2, a common ratio to the previous term

Notice that we have to add 2 to the first term to get the second term, but we have to add 4 to the second term to get 8. This shows indeed that this sequence is not created by adding or subtracting a common term

Looking at 243, 81, 27, 9, 3, 1, ...............carefully helps us to make the following observation:
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This time, to find each term, we divide by 3, a common ratio, from the previous term

Many geometric sequences can me modeled with an exponential function an exponential function is a function of the form an where a > 1
2, 4, 8, 16, 32, 64, .......

Let n represent any term number in the sequence. Observe that the terms of the sequence can be written as 21, 22, 23, ... 
We can therefore model the sequence with the following formula: 2n 
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Formulas used with geometric sequences:
Examples:
	Question
	Answer

	1.  Find the common ratio for the sequence
                   [image: image15.png]



	

	2.  Find the common ratio for the sequence given by the formula
                  [image: image16.png]a, = 53"




	

	3.  Find the 7th term of the sequence
                    2, 6, 18, 54, ...
	

	4.  Find the 11th term of the sequence 
                   [image: image17.png]



	

	5.  Find  a8 for the sequence
         0.5, 3.5, 24.5, 171.5, ... 
	

	6.  A ball is dropped from a height of 8 feet.  The ball bounces to 80% of its previous height with each bounce.  How high (to the nearest tenth of a foot) does the ball bounce on the fifth bounce?
	


The graphs of arithmetic and geometric sequences are different.

[image: image41.emf]Arithmetic Series
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       Geometric: graphs are exponential.

The geometric mean is the term between any two terms of a geometric sequence. It is found by taking the positive square root of the product of the any two positive numbers.
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Geometric mean = 

Examples:

Find the missing term of each geometric sequence. It could be the geometric mean or its opposite.

1. 20,___,80
,…


2. 3,____,18.75,…


3.  28,_____,5103,…

Review

Is the given sequence geometric? If so, identify the common ratio and find the next two terms.

1. 1, 2, 6, 12, …


2.  2, 1, 
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3.  -9, 81, -729, 6561, …

4. Write an explicit formula for the geometric sequence for which 
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. Then generate the first five terms.

5. Find the missing term for the geometric sequence  3,_____,48,… .
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Lesson 11.4

Series: the expression for the sum of the terms in a sequence.  
Arithmetic Series: is a series whose terms form an arithmetic sequence. 

Arithmetic sequence: 2, 4, 6, 8, 10  

Corresponding arithmetic series: 2 + 4 + 6 + 8 + 10  

Arithmetic Sequence: -8, -3, 2, 7

Arithmetic Series: -8 + -3 + 2 + 7

Finite sequences and series have terms that you can count individually from 1 to a final whole number n.  Infinite sequences and series continue without end. 



Finite sequence



Finite series



6, 9, 12, 15, 18



6+9+12+15+18



Infinite sequence



Infinite series



 3,7,11,15,…




3+7+11+15+…

Example: Write the related series for each finite sequence. Then evaluate the series.

a.  5, 9, 13, 17, 21, 25, 29




b.  100, 125, 150, 175, 200, 225

To find the sum of a finite (certain number of terms) arithmetic sequence:
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where Sn is the sum of n terms,  a1 is the first term,  an is the nth term.
Example: Each sequence has six terms. Evaluate the related series.


a. 4,5,6,…,9




b. 5,7,9,…,15

Example: The sum of the arithmetic series for the specified number of terms.


a. 10 + 7 + 4 + …; n = 8


b. 15 + 25 + 35 + …; n=7

Example: A theater has 60 seats in the first row, 68 seats in the second row, 76 seats in the third row, and so on in the same increasing pattern.  If the theater has 20 rows of seats, how many seats are in the theater?  
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Examples:
	Problem:
	Answer:

	1.  Evaluate: [image: image20.png]5
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	2.  Evaluate:   [image: image21.png]1
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Review:

1. The sequence below has eight terms, evaluate the related series.


5, 13, 21,…,61

2. The sequence below has twelve terms, evaluate the related series.


1765, 1414, 1063,…

3. Use the series 
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a. Find the number of terms in the series.


b. Find the first and last terms of the series.


c. Evaluate the series.

Lesson 11.5

To find the sum of a finite (certain number of terms) geometric sequence:
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Where Sn is the sum of n terms, a1 is the first term, and r is the common ratio.

Examples:
	Question
	Answer

	1. Use the formula to evaluate the series 

-45 + 135 – 405 + 1215 – 3645


	

	2.  Evaluate using a formula:
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	3.  Find the sum of the first 8 terms of the sequence
           -5, 15, -45, 135, ...


 
	


Evaluating an Infinite Geometric Series

To find the sum of an infinite geometric sequence:
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Where S is the sum, a1 is the first term and r is the common ratio.
Examples:

Evaluate each infinite geometric series.

a.  
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b. 
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Review:

1. Find the sum of the geometric series.        

3 – 30 + 300 – 3000 + 30,000

2. Find the sum of the first twelve terms of a geometric series.   

16 + 8 + 4 + …

3. Find the sum of the infinite geometric series.  

16 + 8 + 4 + …

4. Find the sum of the infinite geometric series.  
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Recursive Formula:						Explicit Formula:


a1 = the given value							an = a1●r(n-1)	


an = an-1 ● r





In these formulas, a1 is the first term of the sequence, r is the common ratio, an is the nth term (n > 1), n is the number of the term to find.
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Certain sequences, such as this geometric sequence, ca be represented in more than one manner.  This sequence can be represented as either an explicit formula or a recursive formula.
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Geometric Sequences
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Recursive Formula:						Explicit Formula:


a1 = the given value					an = a1 + (n-1)●d	


an = an-1 + d


In these formulas, a1 is the first term of the sequence, d is the common difference,  


an is the nth term (n > 1), n is the number of the term to find.
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1 + 2 + 3 + 4 + 5 + 6 + 7 = 28
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A series can be represented in a compact form, called summation notation, or sigma notation. The Greek capital letter sigma, � INCLUDEPICTURE "http://www.regentsprep.org/Regents/math/algtrig/ATP1b/SigmaN3.gif" \* MERGEFORMATINET ���, is used to indicate a sum.
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-11 + 22 – 44 + 88 = 55
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